In almost all fields of mechanical engineering, the mathematical models of dynamical systems become more and more computationally expensive. A repeated evaluation as it is needed in the field of model based design, for example, or an evaluation in real-time, necessary for model based control applications, is challenging. Therefore, the necessity of reduced models, reflecting the principal system dynamics is growing continuously. The reduction of dynamical systems with time-periodic coefficients, termed as parametrically excited systems, subjected to self-excitation is addressed in this work. For certain frequencies of the time-periodic coefficients, referred to as parametric antiresonance frequencies, vibration suppression is achieved, as it is known from the literature. Reduced models are set up using the method of Proper Orthogonal Decomposition, and the stability of the original as well as the reduced model is investigated using the Floquet-Theory. From an analysis of the Floquetstability parameter in the vicinity of the parametric antiresonance frequency, it is concluded that the reduced model predicts the stability properties of the original model in a satisfactory manner.
INTRODUCTION
A special class of dynamical systems is described by differential equations with time periodic coefficients. They may arise from the nature of the engineering structure itself, as it is the case in geared systems, for example. Furthermore, time-periodic coefficients can be introduced in an artificial way, to affect the dynamical behaviour of the system in a desired manner. In Sinha et al. (1998) the reduction of nonlinear time-periodic systems is investigated using center manifold reduction as well as normal form theory. A reducibility condition is presented in Sinha et al. (2005) to determine if a reduction of nonlinear time-periodic systems is possible or not. The concept of nonlinear normal modes is used in Warminsky (2010) to reduce a model comprising nonlinear, coupled self-, parametrically, and externally excited oscillators. In this contribution, the reduction of dynamical systems with time-periodic coefficients, termed as parametrically excited systems, subjected to self-excitation is addressed. The self-excitation mechanism causes increasing vibration amplitudes and may result in a damage or a breakdown of the engineering structure. Hence, one has to seek to avoid or suppress self excited vibrations. As shown in Tondl (1998) , self-excited vibrations can be suppressed if the parametric excitation frequency is near a specific frequency, referred to as parametric antiresonance frequency. A wide overview about the described phenomenon can be found in Ecker (2005) . One possibility to investigate the stability of time-periodic systems is the usage of the Floquet-Theory. As it is a numerical method, this can be computationally expensive, especially when a repeated evaluation due to changes in system parameters is necessary. Therefore, the question arises if the stability behaviour of the original system consisting of a set of n differential equations of second order can be approximated by a reduced model consisting of r < n equations in the vicinity of the parametric antiresonance frequency. For setting up a reduced model, the method of Proper Orthogonal Decomposition (POD) is used, and, for the purpose of comparison, a modal truncated model is considered as well. A comparison of the Floquet-stability parameter shows that the POD-reduced model predicts the stability properties of the original model much better than the modal truncated model. Figure 1 shows a sketch of the investigated mechanical system comprising five masses coupled by stiffness and damping elements. The stiffness k P (t) = k 1 (1 + ε cos ω P t) consists of a constant and a time-periodic part with period T = 2π/ω P . For the sake of simplicity, the self-excitation mechanism is represented by a negative damping coefficient c s < 0 acting on the rightmost mass. Furthermore, a stiffness proportional damping is assumed. Introducing the time-transformation
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Fig. 1. Schematic diagram of the investigated mechanical system.
represents a reference angular velocity using m R = m 1 and |k R | = |m R | as reference parameters, yields the nondimensional system parameters
for i = 1, . . . n = 5. Therewith, the equations of motion can be written in the conventional form
where the definition ( ) ′ = d/dτ holds. The nondimensional matrices M, αK, K and C s represent the diagonal mass matrix, the constant symmetric damping and stiffness matrix, and the constant diagonal matrix of self-excitation. Time-periodic coefficients are introduced by the matrix ε cos(Ω P τ )K P , where ε represents an amplitude factor, and Ω P = ω P /Ω R holds. Applying a modal transformation to Eq. (3) using
represents the matrix of natural mode shapes φ i of the undamped, time-invariant system without self excitation
normalized with respect to the modal mass acc. tô
yields
is a diagonal matrix of the squares of the natural frequencies Ω i of the system Eq. (6),
represents the self-excitation matrix, and
is the time-periodic matrix of the modal transformed model. The resulting set of differential equations are coupled via the time-periodic matrix ε cos(ω P τ )K P,Φ and the matrix C s,Φ of self excitation. A dynamical system with time-periodic coefficients possesses principle parametric resonances
and parametric combination resonances
(j = k), j, k, N = 1, 2, . . ., see Cartmell (1990) , for example. If the frequency Ω P of the time-periodic coefficients is almost equal to a parametric combination frequency of the difference type, suppression of the self-excited vibrations is achieved, as it was shown in Tondl (1998) . Hence, the trivial solution of the equations of motion Eq. (8), which is unstable due to self-excitation is stabilized by parametric excitation. An appropriate method to study the effect of parametric excitation on the stability of the trivial solution of Eq. (8) is the use of the Floquet theory, see Verhulst (2000) , for example. Therefore, the system equation (8) is expanded to a first order system. According to Floquet's theorem, each fundamental matrix Ψ(t) of a system of linear first order differential equations with time periodic coefficients
where Q(τ ) = Q(τ + T ). The constant matrix P is called Floquet exponent matrix and its eigenvalues can be used to evaluate the stability of the trivial solution of Eq. (8). Another possibility is the use of the monodromy matrix Ψ(τ = T ) representing the state transition matrix evaluated after one period T . Repeated integration of the system equation (14) using a set of independent initial conditions
where I represents the identity matrix, and collecting the results leads to the monodromy matrix
of the monodromy-matrix decide on the stability of the trivial solution of Eq. (8) which is asymptotically stable if the maximum absolut value of the eigenvalues is smaller than one.
In the following, only the effect of Ω P and ε to the stability of the trivial solution is investigated, whereas all other system parameters are kept constant, i.e. max|Λ| = max|Λ(Ω P , ε)|. As mentioned before, if the frequency Ω P is equal (or near) to the parametric antiresonance frequency, the trivial solution of Eq. (8) is stable although the selfexcitation mechanism is active, i.e. vibration suppression is achieved. This behavior is indicated by a significant drop of the stability parameter max|Λ| in the vicinity of the parametric antiresonance frequency towards a minimum value, denoted by
REDUCTION OF SELF-EXCITED SYSTEMS WITH TIME-PERIODIC COEFFICIENTS
Numerical stability investigations using the FloquetTheory can be computationally expensive, especially when the stability parameter max|Λ| is evaluated for different values of system parameters. Therefore, the question arises if the stability of the trivial solution of the n-dimensional system, Eq. (3), can be evaluated using a more compact set of r < n second order differential equations with time periodic coefficients. As shown in Pumhoessel et al. (2011) , the POD method provides an adequate technique to reduce systems with time periodic coefficients. In the following, the mathematical background is discussed only to an extent necessary for the subsequent investigations. For a detailed description, see Sirovich (1987) and Holmes et al. (1996) . The POD method requires the numerical solution of the full order system equations. Therefore, a parameter pair
characterising one specific reduction is introduced, representing a point [ε, Ω P ] on the spatial curve Γ f (ε, Ω P ) for setting up a reduced model. Numerical solution of (8), assuming an integration algorithm based on equally spaced time-instances, leads to the modal displacement histories
where τ j+1 − τ j = ∆τ = const., j = 1 . . . m − 1, holds. Collecting the modal displacement histories η i in the ensemble matrix N = [η 1 , η 2 , . . . η n ], the real and symmetric covariance matrix is written as
The n eigenvalues ν i of R are denoted as Proper Orthogonal Values (POVs), and the n orthogonal eigenvectors ζ i are termed Proper Orthogonal Modes (POMs), see Feeny and Kappagantu (1998) , for example. Each POV measures the energy captured by the corresponding POM, see Kerschen and Golinval (2002) , and therefore the POV distribution gives a clear indication of the POMs that are most important for a suitable approximation of the system dynamics. With a number of r < n POMs, arranged in the matrix
the reduction-transformation is written as η = Vξ.
(25) Assuming a normalization of the POMs ζ i to an Euclidian norm of one, the orthonormality relation V T V = I, where I represents the identity matrix, holds. Applying the reduction-transformation η = Vξ to the full order system, equations (8) leads to the time-periodic equations of motion of the reduced system
where
holds. The stability properties of the reduced system are expressed by the maximum absolut value max|Λ r | of the monodromy matrix Ψ r (T ) of the corresponding first order system associated to Eq. (26). If in the vicinity of [ε, Ω P (ε, Γ f )] the relation max|Λ r | ≃ max|Λ| (28) holds, it can be expected that the dynamical properties of the full order system are well approximated by the properties of the reduced system, which will be investigated in the following. Table 1 . Non-dimensional parameters of the investigated mechanical system.
NUMERICAL INVESTIGATIONS
As the POD method requires the numerical solution of the equations of motion Eq. (8) 
within the timespan τ s ∈ [0, π/Ω s ] and selecting η 0 = η s (τ s ) and η
where τ s = π/Ω s holds. Note, there is no parametric excitation present in Eq. (29), i.e. ε = 0. The POVs and POMs, calculated subsequently, are dedicated to this choice of initial conditions. For the numerical investigations, the system parameters as depicted in Tab. 1 are used. Figure 2 shows the Floquet stability parameter max|Λ| of the original model acc. to Eq. (8) for different values of the amplitude ε and the frequency Ω P of the parametric excitation. For almost all combinations of ε and Ω P , the corresponding stability parameter max|Λ| is larger than one, hence the trivial solution is unstable. For certain sets of [ε, Ω P ] the trivial solution is stable, representing the stability limit max|Λ| = 1, see solid line in Fig. 2 , and moreover, a significant drop of the stability parameter is observed caused by the parametric excitation. For small values of ε, the drop shows a very narrow cross-section, and the corresponding frequency Ω P where the minimum Γ f occurs is close to the parametric antiresonance frequency Ω 2 − Ω 1 . Increasing ε leads to a spread up of the cross section and a shift of the minimum Γ f to lower frequencies. To give an impression of the effectivity of parametric excitation at the antiresonance frequency, x(τ ) of the original model Eq. (3) the sake of brevity, only the displacement x 5 is displayed, similar results are obtained for all other ones. Without parametric excitation, i.e. ε = 0, the vibration amplitudes increase due to the self-excitation mechanism (see dashed envelope curve). A totally different behaviour is observed if the parameter set [ε = 0.25, Ω P (ε, Γ f )] is used, representing a point on the spatial curve Γ f . The vibration amplitudes decrease, and hence, the trivial solution is asymptotically stable due to the parametric excitation. To study the effect of the parameter set [ε r , Ω P r ] used for reduction, Eq. (8) Figure 4 shows the first three POMs, i.e. the eigenvectors ζ i , i = 1..3, dedicated to the three largest eigenvalues ν i . The first and the second POM are almost equal to the unity vectors µ 1 and µ 2 which are the eigenvectors of the modal transformed system without self-and parametric excitation
as Θ is of diagonal form. Consequently, if the reduction transformation η = Vξ, where V = [ζ 1 , ζ 2 ], is applied to Eq. (8), the resulting set of two differential equations are almost equal to those obtained from modal truncation, i.e. setting η i , i = 3..5, and the corresponding derivatives equal to zero. Hence, the dynamical properties of the POD reduced model will not differ significantly from those of a modal truncated model. However, a considerable difference is expected using V = [ζ 1 , ζ 2 , ζ 3 ], as ζ 3 becomes more and more different from the unit vector µ 3 with increasing ε r . The POMs ζ 3 for ε r = 0.25 and ε r = 0.4 are nearly identical, see Fig. 4 (bottom) . Therefore, the reduced model based on the set [ε r , Ω P r ] = [0.25, Ω P (0.25, Γ f )] is used for all subsequent investigations. Table 2 gives a comparison of the first three natural frequencies of the undamped original and reduced model without parametric excitation. The first and the second natural frequency are almost identical, whereas the third one shows a remarkable deviation caused by ζ 3 = µ 3 . The preceding investigations were based on enclosing almost all of the transient decay of the modal coordinates η i (τ ), i = 1..5, τ ∈ [0, τ m ], where τ m = 10, to calculate the covariance matrix R and, subsequently, to set up a reduced model. This is computationally expensive, especially when repeated evaluation due to changes in system parameters are necessary. In the following, the effect of τ m to the natural frequencies of the reduced model is investigated. Therefore, the relative error
where Ω i,r represents the ith natural frequency of the reduced model, and Ω i the corresponding one of the original model. For each value of τ m , a reduced model is set up, and the relative errors acc. Eq. (31) the properties of the reduced model, namely the natural frequencies are quite constant. This becomes clear if we recall that the principle of the POD method, see Kerschen and Golinval (2002) for details, is to find solutions to the minimization problem
Equation (32) is equal to an integral eigenvalue problem which has n orthogonal solutions, the POMs ζ i with the associated eigenvalues, the POVs ν i . To get reasonable results in prospecting the minimum in Eq. (32), the availability of a minimum span τ m = 1/f md , where f md represents the lowest modulation frequency of the original signal is necessary. Only in this case the energy distribution of the original displacement signals within the n-dimensional space is displayed with adequate accuracy. The reduced models investigated in the following are based on a timespan of τ m = 10. As mentioned before, the POVs ν i represent a measure of the energy captured by the corresponding POM ζ i . According to Xianghong et al. (2008) the relative quantities
represent the mode energy with respect to the total energy, and E νp = p i=1 e νi is describing the summed relative energy contained in the first p modes. Table 3 shows that the largest part of energy is captured by the first two POMs, whereas the third POM covers only a small portion. However, for the selection of a sufficient number p of dominant POMs, the criterion
is used, see Azeez and Vakakis (2001) , for example. The condition Eq. (34) is fulfilled by E ν3 , and hence, the first three POMs can be regarded as the dominant modes. Figure 6 shows a comparison of the stability maps of the original, the POD reduced and the modal truncated model in the vicinity of the parametric antiresonance frequency Ω 2 −Ω 1 . The POD-reduced model approximates the stability limit in a very good way, whereas the modal truncated model shows good agreement only if ε is small. The same behaviour is shown by the minimum curve of the stability parameters Γ r1 of the POD-reduced model, and Γ r2 of the modal truncated one, compared to Γ f of the original model. In Fig. 7 , the isolines for max|Λ| = 0.995 are displayed. In comparison with the isolines for max|Λ| = 1, the quality of approximation of the modal truncated model is decreasing dramatically with decreasing stability parameter, where the POD reduced model is still reflecting the stability parameter of the original model. Figure 8 provides the results of a stability investigation for constant amplitude ε. For ε = 0.1 both reduced models predict the stability parameter max|Λ| of the original model with satisfying accuracy. With increasing ε, the minimum of the stability parameter is shifted to lower frequencies, approximated much better by the POD reduced model than by the modal truncated model. To give an impression of the consequences in the time domain, Fig.  9 shows a comparison of the timeseries for the parameter set [ε = 0.25, Ω P (ε, Γ f )]. The timeseries of the PODreduced model is almost identical with those of the original model, whereas the modal truncated model can not predict the time response of the original model in a satisfactory manner.
CONCLUSIONS
In this contribution, the reduction of self-excited, timeperiodic systems using the method of Proper Orthogonal Decomposition was addressed. The stability of the trivial solution of the original model, as well as of a PODreduced model and, for the purpose of comparison, of a modal truncated model, was investigated using the Floquet theory. It was shown that in the vicinity of the parametric antiresonance frequency, the stability of the trivial solution of the original system is approximated much better by the POD reduced model than by the modal truncated model.
